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1. PREL IMINARIES  
Let X and Y be two nonempty sets. We denote by 2 Y and $-(X) the family of all subsets 
of Y and the family of all nonempty finite subsets of X. For any A E ~-(X), we denote by IAI 
the eardinality of A. Let An be the standard n-dimensional simplex with vertices e0, e l , . . . ,  e~. 
If J is a nonempty subset of {0, 1 , . . . ,n} ,  we denote by A j  the convex hull of the vertices 
{ej : j E J}. If X and Y are two topological spaces and G : X --* 2 Y is a set-valued mapping, 
G is said to be transfer open-valued (respectively, transfer closed-valued) on X if for x c X, 
y E G(x) (respectively, y ~t G(x)) implies that there exists a point x' E X such that y 
int G(x') (respectively,  ~t clG(x')) (see Definitions 6 and 7 of [1]). G is said to have the local 
intersection property on X if for each x E X with G(x) ¢ O, there exists a neighborhood N(x) 
ofx  in X such that N~eN(x) G(z) # 0 (see [2]). The example in [2, p. 63] shows that a set-valued 
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mapping with the local intersection property may not have the property of open inverse values. 
Let f : X × Y --+ R be a function, f(x,~1) is said to be transfer lower (respectively-, upper) 
semicontinuous in y if for each y E Y and r E R with {x ~ X : f (x ,y )  > r} ¢ 0 (respectively, 
{x c X : f (x ,y )  < r} ¢ ~), there exists x' E X such that y ~ int ({z ~ Y : .f(z' ,z) > r}) 
(respectively, .~/E int ({z ¢ Y :  f(:c', z) < r})). 
The notion of an L-convex space was introduced by Ben-E1-Mechaiekh etal. [3]. An L-convexity 
structure on a topological space X is given by a set-valued mapping F : b~(X) --. 2 x satisfying 
the following conditions. 
(1) For each A E 5"(X) with IAI = rz + 1, there exists a continuous mapping ~a : A,~ --+ F(A) 
such that B ¢ )t-(A) with IBI = J+  1 implies OA(~j) C F(B), where A j  denotes the face 
of A~ corresponding to B. 
Then the pair (X, P) is called an L-convex space. A set D C X is said to be L-convex 
if for each A E 5C(D), r(A) < D. For a nonempty subset E of (X,F), we define the 
L-convex hull of E, denoted by L-co (E) as 
L -coE  = n{D C X : E C D and D is L-convex}. 
Then L-co (E) is the smallest L-convex set containing/?7. 
Let (X, F) be an L-convex space. A function f : X -+ R is said to be L-quasiconvex 
(respectively, L-quasiconcave) if for each r E R, the set {x ¢ X : f (x )  < r} (respectively, 
{z E X :  f (x )  > 71}) is L-convex. 
If an L-convex space (X, F) satisfies the following additional condition: 
(2) for each A, B C 5 (X) ,  A C B implies F(A) C r(B), then the pair (X, F) is called by Park 
and Kim [4] a generalized convex (or, G-convex) space. Recently, Park [5] has removed 
the isotony condition (2) and considered the G-convex space (X, D; F), where D need not 
be X. If D = X, then a G-convex space in [5] is an L-convex space. 
If an L-convex space (X, V) satisfies the following additional condition: 
(3) for each A,B  ~ .~(X),  there exists A1 c A such that A1 C B implies F(AI) C I?(B), then 
the pair (X, F) is called by Verma [6] a generalized H-space (or, G-H-space). 
It is clear that the notion of L-convex spaces includes the G-convex spaces, G-H-spaces, 
H-spaces (see [7,8]), B'-simplicial convexity spaces (see [3]), and B-simplicial convexity 
spaces (see [9]). 
The following result is a special case of Lemma 1.1 of [10]. 
LEMMA 1.1. Let X and Y be topological spaces and G : X -+ 2 Y be a set-valued mapping with 
nonemptv alues. Then the following conditions are equivalent: 
(i) G has the local intersection property; 
(ii) for each y E Y ,  there exists an open subset Oy of X (whid~ may be empty) such that 
O~j C G- l (y )  and X = Uyev  Oy; 
(iii) there exists a set-valued mapping F : X --+ 2 Y such that F(x)  C G(x) for each x ~ X ,  
F- l (y )  is open in X for each y E Y,  and X = UyEy F-~(y) ;  
(iv) X = Upcv intG-1(Y);  
(v) G -1 : Y -+ 2 x is transfer open-w~lued on X .  
The following Lemma 1.2 can be proved by using (iv) of Lemma 1.1. 
LEMMA 1.2. Let X be a topological space, (I 7, F) be an L-convex space, and G : X ~ 2 ~ be a 
set-valued mapping with nonempty values such that one of Conditions ( i)-(v) in Lemnm 1.1 is 
satisfied. Then the mapping H : X --, 2 v defined by H(x)  = L-coG(x)  also satisfies any one of 
Conditions ( i)-(v) in Lemma 1.1. 
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2. CONTINUOUS SELECT ION AND COINCIDENCE THEOREM 
In this section, we first prove a new continuous election theorem in an L-convex space. As 
applications, some coincidence theorems, fixed-point heorems, and minimax inequality are ob- 
tained. 
THEOREM 2.1. Let X be a normal space, (Y, F) be an L-convex space, and G : X --+ 2 Y be a 
set-valued mapping such that 
(i) G has nonempty L-convex vMues and satisfies one of Conditions O)-(v) in Lemma 1.1, 
and 
(ii) there exists a compact subset K of X and a finite subset M of Y such that X \ K C 
UyEM int G-  1 (y). 
Then there exists a continuous election f : X -+ Y of G such that f = ¢ o .g, where ¢ : A~ --+ Y 
and ~p : X --+ An are both continuous and n is some positive integer. 
PRoof .  By (i) and Lemma 1.1, we have K C X = UvEr in tG- l (y ) .  Since K is compact, 
there exists a finite subset N of Y such that K C [-Jve~" int G- l (y ) .  By Condition (ii), we have 
X = [ . J , jeAintG- l (y)  where A = M t2 N is also a finite subset of Y. We can assume A = 
{Y0, Y l , . . . ,  Y,~}- Since Y is an L-convex space, there exists a continuous mapping 0 : A.~ --+ P(A) 
such that  
¢ (A j )  C F(B),  VB • .P(A), IB I = J + 1. (2.1) 
Since X is normal, let {~i}i'~0 be the continuous partit ion of unity subordinated to the open 
covering {int G -1 n (Y,)}i=0; then we have that for each i • {0, 1 . . . . .  n} and x • X, 
¢'i(x) ¢ 0 <==> x E int G- l (y i )  C G- l (y i ) .  (2.2) 
Define a mapping ~p : X --+ A~ by ~p(x) = ~,~0 ~,;(z)e./:, then '~b is continuous, g,(x) < Aj(:~), and 
{Y3 : J E J (z )}  C G(z)  by (2.2), where J ( z )  = {j c {0 ,1 , . . . ,n}  : V)j(z) ¢ 0}. By (2.1) and the 
L-convexity of G(x), we have 
f (x )  = ¢ o ~(x) E ¢ (Ai j(x)t_l)  C r ({y j  : j E J (x )})  c G(x).  
This shows that f = ¢ o ~b is a continuous election of G. 
REMARK 2.1. Theorem 2.1 improves and generalizes (i) in Theorem 1 of [5] from compact setting 
to noncompact setting, and Proposit ion 1 of [11] fl-onl topological vector spaces to L-convex 
spaces without linear structure. If X is compact, then by letting X = K,  Condit ion (ii) is 
satisfied automatically. Hence, Theorem 2.1 also generalizes Theorem 2.2 of [12] fl'om a compact 
topological space and H-space to a noncompact normal space and L-convex space. 
Applying Theorem 2.1 to H(x)  = L-co F(z) ,  we can obtain the following result. 
COROLLARY 2.1. Let X and (Y,F) be as in Theorem 2.1 and F ,G  : X --+ 2 Y be set-valued 
mappings uch that 
(i) F has nonempty values and satisfies one of Conditions (i) (v) in Lemma 1.1, 
(ii) L -coF(z )  C a(z )  for each x E X ,  and 
(iii) there exists a compact subset K of X and a finite subset ; I  of Y such that X \ K C 
UyEM int F -1  (Y) • 
Then the conclusion of Theorem 2.1 holds. 
REMARK 2.2. If X is compact, by letting X = K,  then Condition (iii) is satisfied trivially. 
Corollary 2.1 improves and generalizes Corollary 2.1 of [12] to L-convex spaces under weaker 
assumptions. 
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COROLLARY 2.2. Let X ,  (]I, F) be as in Theorem 2.1 and G : X ~ 2 Y be a set-valued mapping 
satisfying Conditions (i) and (ii) of Theorem 2.1. Then for any continuous mapping h : Y -* X ,  
there exists ~ E Y such that 1) E G(h(~))). 
PROOF. By Theorem 2.1, there exists a continuous mapping f = (b o 0 where (b : A n ~ Y 
and '~) : X --* A n are both continuous. Hence, the continuous mapping 0 o h o (b : A n --. A n has 
a fixed point z c An by the Brouwer fixed-point heorem. Let ~) = (b(z). Then (b o 0 o h0) ) = ~). 
As f = (b o 0 is a cont inuous election of G, we must have fi E G(h(~l)). 
REMARK 2.3. Corol lary 2.2 improves (ii) in Theorem 1 of [5] and generalizes Corol lary 2.2 of [12]. 
COROLLARY 2.3. Let (X, F) be a normal  L-convex space and G : X --~ 2 x be such that 
(i) G has nonempty values and satisfies one of Conditions (i) (v) in Lemma 1.1, and 
(ii) there exists a compact subset K of X and a finite subset M of X such that X \ K C 
UpeM int G-  1 (y). 
Then there exists ~ E X such that ~ C L-co G(a?). 
PROOF. Define a snapping H : X --~ 2 x by H(x)  = L-co G(x) for each x c X. Then each H(x)  
is nonempty  L-convex. By Condit ion (i) and Lemma 1.2, H satisfies any one of the condit ions in 
Lemma 1.1. By lett ing X = Y, h = I ,  and the identity snapping on X and H be in place of G in 
Corol lary 2.2, then by Corol lary 2.2, there exists a point 3? E X such that  ~ E H(.~) = L-coG(a?). 
REMARK 2.4. If G(x) is L-convex for each x E X,  then ~ is a fixed point of G. If there is a 
mapp ing  H : X + 2 x such that  L-co G(x) c H(x)  for each x E X,  then H has a fixed point in X.  
Therefore, Corol lary 2.3 generalizes Corollary 2.3 of [12] and Theorem 2 of [11] from H-spaces 
and topological vector spaces to L-convex spaces under much weaker assumptions. 
THEOREM 2.2. Let (X, F) and (Y, F') be two L-convex spaces and K be a nonempty compact 
subset of X .  Let iF, G : X --* 2 Y and S, T : Y ~ 2 x be set-valued mappings uch that 
(i) for each x E I(,  F (x )  ¢ O, and L -coF(x)  C C(z);  
(ii) F satisfies one of Conditions ( i)-(v) in Lemma 1.1 with X = K;  
(iii) S has nonempty values on each compact subset of Y and satisfies one of Conditions (i) (v) 
in Lemma 1.1 such that for each y E Y ,  L-coS(y)  c T(y) C K.  
Then there exists (b, 1)) E X x Y such that ~? E T@) and 1) E G(.~). 
PROOF. By Corol lary 2.1 with X = K,  there exists continuous election f = (b o 0 of GIK , the 
restr ict ion of G on /£, where (b : A n --. Y and 0 : K -* A n are both cont inuous and n is some 
positive integer. Since A~ is compact and (b is continuous, (b(An) is compact in Y. Again, by 
using Corol lary 2.1 with X = (b(A.) and Y = X,  there is a continuous elect ion/~: (b(A,~) -~ K 
of T[O(A,, ). Hence, the mapping 0 o/3 o (b : A n --, A n is continuous. By the Brouwer fixed-point 
theorem, there exists z E An such that  z = ~ o ~ o (b(z). Let !) = (b(z) and 5: = 3(1)). Then we 
have :b E Z(~)) and 9 = (b(z) = (b o 0(a?) E G(:~). This completes the proof. 
REMARK 2.5. Theorem 2.2 generalizes Lemma 1 of [13] from H-spaces to L-convex spaces. 
THEOREM 2.3. Let (X, F) be a normal L-convex space, (K P') be an L-convex space, and F, G : 
X -~ 2 Y, S ,T  : Y --* 2 x be set-valued mappings uch that 
(i) F has nonempty values and satisfies one of Conditions ( i)-(v) in Lemma 1.1 such that for 
each x E X,  L-co F(x)  C G(x), 
(ii) there exist a nonempty compact subset K of X and a finite subset 114 of Y such that 
X \ I£ C UyEM int F - I (Y ) ,  and 
(iii) S has nonempty values and satisfies one of Conditions g) - (v)  in Lemma 1.1 such that for 
each y E Y ,  L-co S(y) C T(y).  
Then there exists (~, 1)) E X x Y such that Jc C T(fi) and t) E G(i ') .  
PROOF. By Corol lary 2.1, there exists a continuous election f : X ---* Y of G such that  f = (bo G 
where (b : A~ ~ y and 0 : X ~ A n are both continuous and n is some positive integer. Since A~ 
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is compact and ¢ is continuous, ¢(An) is compact in Y. By Condition (iii), Corollary 2.1, and 
Remark 2.2, there exists a continuous election ~ : ¢(An) -+ X of TI¢(~,, ), the restriction of T 
on ¢(An).  Hence, we have ~ o/3 o ¢ : A~ -~ A n is continuous. By the Brouwer fixed-point 
theorem, there exists z C An such that z = ~p o/3 o ¢(z). Let 1) = ¢(z) and ~ = /~(1)). Then we 
obtain ~ E Z(1)) and 1) = ¢(z) = ¢ o ~(39) E G(~). 
REMARK 2.6. Theorem 2.3 is a variant form of Theorem 2.2. The assumption "for each y c Y, 
T(y) C K" in Theorem 2.2 is dropped, but an additional Condition (ii) is assumed. Theorems 2.2 
and 2.3 are different from the coincidence theorems of [10,11,14-21]. 
Applying Theorem 2.3 with F = G, it is easy to obtain the following result. 
COROLLARY 2.4. Let (X,F)  be a normal L-convex space, (Y,F') be an L-convex space, and 
G : X ~ 2 Y, T : Y -~ 2 X be set-valued mappings uch that 
(i) G and T both have nonempty L-convex values and satisfy one of Conditions (i) (v) in 
Lemma 1.1, and 
(ii) there exist a nonempty compact subset K of X and a nonempty t~nite subset M of Y such 
that X \ K C UyeMintG- l (Y )  • 
Then there exists (5,1)) E X x Y such that 2 E T(1)) and 1) E G(~). 
THEOREM 2.4. Let (X, F) be a normal L-convex space and (Y, P') be an L-convex space. Suppose 
that f, 9 : X x Y --~ R are two functions SUdl that 
(i) f (x ,y )  <_ g(x,y) for all (x,y) • X x Y,  
(ii) f (x ,  y) is transfer lower semicontinuous in x and I"or each x • X ,  y H f (x ,  y) is L-quasi- 
concave~ 
(iii) g(x, y) is transfer upper semicontinuous in y and for each y E Y, x ~ g(x, y) is L-quasi- 
COl?VeX, and 
(iv) there exist a nonempty compact subset K of X and a t~nite subset h i  of Y such that for 
each r • R,  i f in fxcx supyE Y f (x ,y )  > r, then X \ K C [-Jye~l int{x • X : f (x ,y )  > r}. 
Then 
inf sup f (x ,y )  <_ sup inf g(x,y). 
xEX yEY yEY ;rEX 
PROOF. If the conclusion is false, then there exist real numbers c~ and/3 such that 
inf sup f(x,y) >c~>3> sup inf g(x,y). 
xEX yEY yEY xEX 
(2.3) 
Define mappings G : X --~ 2 Y and T : Y --* 2 x by 
G(x) = {y E Y :  f (x ,y )  > c~}, T(y)  = {x C X : g(x,y)  < ~}. 
By (2.3), G and T both have nonempty values. By (ii) and (iii), G(x) and T(y) are both 
L-convex for each x E X and y E Y, and G -1 and T - I  are both transfer open-valued. By (2.3) 
and Condit ion (iv), we have X \ K C UveM int G-I(Y)" It follows from Corollary 2.4 that  there 
exists (3?, 1)) E X x Y such that ~? E T(1)) and !) E G(~). It follows that f(~, 1)) > c~. and g(~, 1)) < ft. 
By (i), we obtain c~ < fl which contradicts the choices of c~ and ft. Therefore, we must have 
inf sup f(x,y) < sup inf g(x,y). 
xEX yEY yEY xEX 
REMARK 2.7. If X is compact, by letting K = X, then Condition (iv) is satisfied trivially. 
Theorem 2.4 generalizes Theorem 2 of [13] from compact H-spaces to noncompact L-convex 
spaces, and Theorem 3.2 and Corollary 3.5 of [22] in several aspects. 
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3. GENERAL IZED EQUIL IBR IUM PROBLEMS 
In order to establish some new generalized equilibrium existence theorems in L-convex spaces, 
we first prove the following nonempty intersection theorem. 
THEOREM 3.1. Let (X ,F)  be an L-convex space, (]I,F') be a compact L-convex space, and 
F, G : X ~ 2 Y be two set-valued mappings uch that 
(i) F(x)  C G(x) for all x E X ,  
(ii) for each y E Y, X \ G - l (y )  is L-convex, 
(iii) G is transfer closed-valued, and 
(iv) F has nonempty L-convex values and satisfies one of Conditions (i)-(v) in Lemma 1.1. 
Then NxeX G(~) ~ O. 
PROOF. Define a set-valued mapping T : Y --~ 2 x by 
T(y) = X \ G- l (y) ,  Vy E Y. 
Then by (ii), T(y) is L-convex for each y E Y. From the definition of T it follows that for 
each x E X, 
T- t (x )  = {y E Y :x  E T(y)} = {y E Y:x  ~ c--l(y)} 
= {y e v :  y ¢ G(~)} = v \ G(~). 
Hence, T -1 is transfer open-valued by (iii). Suppose that for each y ff Y, T(y) ~ O. Note that 
(Y, F') is a compact L-convex space, and by Condition (iv) and Remark 2.7, all conditions of 
Corollary 2.5 are satisfied. Hence, there exists (~, ~) c X x Y such that 2 E T(~) and ~ E F(~). 
It follows that ~) ¢ G(2) and ~ E F(~) which contradicts Condition (i). Therefore, there exists a 
point ~ E Y such that T(z]) = 0; i.e., ?) E G(x) for all x E X. Hence, ~e. \"  G(x) ~ O. 
REMARK 3.1. Theorem 3.1 generalizes Lemma 4 of [13] from H-space to L-convex space and 
our proof is different from those in [13]. 
THEOREM 3.2. Let (X,F) be a normal L-convex space and (Y,F') be an L-convex space. Let 
T : X --+ 2 Y be an upper semicontinuous set-valued mapping with nonempty compact L-convex 
values and q) : X x Y x X --~ R be a function such that 
(i) 
(ii) 
(iii) 
(iv) 
(v) 
Then 
for each (x, y) E X x Y, z ~-* ¢(x, y, z) is lower semicontinuous and L-quasiconvex, 
for each (x, z) E X × X ,  y H ¢(x, y, z) is quasiconcave, 
there exist a nonempty compact subset K of X and a finite subset M of X such that 
X \ I(  C UzCM int {x E X : SupyET(x ) ¢(x, y, z) < 0}, 
for each x E X ,  there is a y E T(x)  such that ¢(x, y, x) > 0, and 
for each z E X ,  (x, y) ~-~ ¢(x, y, z) is upper semicontinuous. 
there exist "2 E X and ~ E T(~) such that 
¢(~,9,  z) _> 0, VzcX.  
PROOF. ~Te first show that there exists a point :~ E X such that 
sup ¢("2, y,z) >0,  VzEX.  
yET(~) 
If it is false, then for each x E X, there exists z E X such that SUpyET(x ) ¢(x, y, z) < 0. Define a 
set-valued mapping H : X --~ 2 X by 
H(x)  = {z  E X : yeT(x)sup ¢(x ,y ,z )  < O} , VxEX.  
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Then for each x E X ,  H(x)  ¢ 0. Now we prove that for each x ~ X,  H(x)  is L-convex. For each 
finite set A = {z~, z,) , . . . ,  z,~} c H(x),  we have 
sup ¢(x,y, zi) < 0, Vi = 1 ,2 , . . . ,n .  
~T(.~) 
Hence, there is a real number r such that 
¢(x,y,  zi) < r < O, Vy ~ T(x),  i= l ,2 , . . . ,n .  
By (i), for each (x,y) e X x Y, the set {z E X : ¢ (x ,y ,z )  < r} is L-convex, and hence, we 
have that for each z E F(A) and y E T(x),  ¢(x, y, z) < r and so sup~r(x  ) ~(x, y, z) < r < 0 for 
all z e F(A). Therefore, F(A) c H(x); i.e., H(x) is L-convex fbr each x ~ X. Since T is upper 
semicontinuous with nonempty compact values and 
by Proposit ion 3.1.21 of [23], for each z E X, the 
semicontinuous. Hence, for each z ~ X, 
(x, y) ~ 4(x, y, z) is upper semicontinuous, 
function x ~-~ supveT(~)¢(x, y z) is upper 
H- l ( z )  = {x ~ X : z ~ H(x)} = { x C X : yew(z)sup 6(x ,y ,z )  < O} 
is open in X.  By (iii), we have X \ K c in tH- l ( z ) .  By Corollary 2.3 and Remark 2.4, there 
exists a point :i? E X such that 2, E H(~), i.e., sup~eT(x ) ¢(:LY, X)) < 0, which contradicts 
Condit ion (iv). Therefore, there exists 2, ~ X such that 
sup ¢(2,,y,z) >_0, VzcX .  
yET(.~.) 
By (v) and tile compactness of T(2), for each z E X,  there exists y(z) E T(2,) such that 
¢('2., y(z), z) > O. For any given e < 0, define set-valued mappings F, G : X -~ 2 r(x) by 
= {y e T ¢ y, > 4 ,  = {y e T (2,): ¢ y, > 4-  
Then F(z)  ¢ 0 and F(z)  C G(z) for each z ~ X. Note that T(2,) is a compact L-convex space; 
it follows from Condition (ii) that F(z)  is L-convex for each z c X. By (i), for each y E T(2,), 
F - l (y )  : {z e X :  y e F(z)} = {z C X :  ¢(2,,y,z) > c} 
is open in X and so F -1 is transfer open-valued, and X \ G - l (y )  = {z ~ X : ¢(2,,y,z) < 0} 
is L-convex. By (v), each G(z) is closed and so G is transfer closed-valued. By Theorem 3.1, 
for each e < 0, there exists y~ E ~ex  G(z); i.e., y~ C 
Since T(2,) is compact, we may assume y~ --, ~j C T(2,) 
, _> y,, >_ 
T(2,) and ~(g',y~, z) > e for each z ~ X. 
as c ~ 0. By (v), we ohtain 
O, Vz~X.  
REMARK 3.2. If X is compact, by letting K = X, Condition (iii) is satisfied trivially. Hence, 
Theorem 3.2 generalizes Theorem 5 of [13] from compact H-spaces to noncompact L-convex 
spaces, and in turn generalizes Theorem 6 of [24] in many aspects. 
THEOREM 3.3. Let (X, F) 5e a normal L-convex space, (]I, P') be an L-convex space, and I" : 
X -~ 2 v be a set-valued mapping with nonempty compact L-convex values. Let c~ : X x Y --~ R 
be a function such that 
(i) for each x c X ,  y H (~(x, y) is upper semicontinuous and L-quasiconcave, 
(ii) for each y C Y,  x H ~(x, y) is lower semicontinuous and L-quasiconvex, 
(iii) there exist a nonempty compact subset K of X and a finite subset M of X sudl that 
X \ I (  C UxEM int {z C X : maxyET(z ) ~(x, y) < c} where c is a constant, and 
(iv) for each x E X ,  there exists y ~ T(x)  such that O(x, y) > e. 
Then there exist 2 E X and ~ ~ T(5) such that O(x, y) >_ c for all x E X .  
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PROOF. \Ve first prove that there exists 5 • X such that 
max ¢(x,y)  > c, Vx • X. 
yeT(e) 
If it is false, then for each z • X,  there exists x • X such that 
¢(~, y) < ~. n lax  
yET(z) 
Define a set-valued mapping H : X --* 2 x by 
H(z)  = {x  C X : yeT(z)max ¢(x,y)  < c} , 
Then each H(z)  is nonempty. By (ii), 
VzEX.  
H(Z) ~" { x E X : yET(z)max ¢( ,y)  < c} = N {x c X : ¢(x,y)  < c} 
yET(z) 
is L-convex. Let f (x ,  z) = maXyET(z ) ¢(x, y). For each fixed x E X,  and r E R,  let 
D= {z E X : f (x , z )  ~ r}. 
If {za : c~ E I} is a net in D such that z~ --~ z*, then we have 
max ¢(x,y)  >_ r, Vc~ E I. 
yET(z,~) 
Since T(z~) is compact and y H ¢(x, y) is upper semicontinuous, therefore, for each ct E I, there 
exists y~ • T(za) such that ¢(x, ya) > r. Since T is upper semicontinuous with compact values, 
it follows from Proposit ion 3.1.11 of [23] that the set T({za}~Ei U {z*}) is compact. Noting 
{Y~}~EZ C T({z~}~ez tJ {z*}), without loss of generality, we may assume that y~ --+ y*. By 
the upper semieontinuity of T, we obtain y* • T(z*). By (i) we have ¢(x,y*) >_ r, and hence, 
we have maXyeT(~. ) ¢(x ,y)  >_ r; i.e., f (x ,z* )  >_ r. Hence, z* • D and D is closed. It follows 
that z ~-~ f (x ,  z) = maXyET(z ) ¢(x, y) is upper semicontinuous. Hence, for each x • X, 
H- I (x )  = { z • X : yET(z)max ¢(x,y)  < c} 
is open in X. By Condit ion (iii), we have X \ K C [ JxEMintH- l (X) .  By using a special case 
of Corol lary 2.3, there exists ~ • X such that ~ • H(~), i.e., maxysT(S)¢(~,y) < c, and so 
¢(~., y) < c for all y • T(k) which contradicts Condition (iv). Hence, there exists 2 • X such that 
max ¢(x,y)  > e, Vx • X. 
yET(e) 
For any given e < c, define set-valued mappings F, G : X --~ 2 T(z) by 
F(z)  = {y • T (~): ¢(~, y) > ~}, a (z )  = {y • T (~): ¢(x, y) _> ~}. 
Then F(x)  # 0 and F(x)  C G(x) for each x • X. Since T(2) is a compact L-convex space, by (i), 
F(x)  is L-convex for each x • X. For each y • T(2), 
F - l (y )  = {x • X :  y • F(x)} = {x • X :  ¢(x ,y)  > e} 
is open in X by (ii) and so F -1 is transfer open-valued. By (ii), X \ G- l (y )  = {x • X : 
¢(x ,y)  < e} is L-convex for each y • T(5). By (i), each G(x) is closed in T(5). It follows from 
Theorem 3.1 that for each e < c, there exists Ye • ~xEX G(x); i.e., y~ E T(2) and ¢(x, y~) > e for 
all x • X. Since T(Z) is compact, we can assume y~ -~ ~ • T(5) as e --~ c. By (i), we obtain 
¢ (x,9) _> c, Vx • X. 
REMARK 3.3. If X is compact, then by letting K = X, Condition (iii) is satisfied trivially. 
Theorem 3.3 generalizes Theorem 6 of [13] fl'om compact H-spaces to noncompact L-convex 
spaces, and in turn generalizes Theorem 5.7.1 of [25] in several aspects. 
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